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bJT)| Abstract: We consider nonlinear control systems of the so-called generalized triangular form (GTF) with 
time- varying and periodic dynamics which linearly depends on some external disturbances. Our purpose 
is to construct a feedback controller which provides the global input-to-state stability of the corresponding 



closed-loop w.r.t. the disturbances. To do this, we combine the method proposed in the earlier work |23j 



devoted the the global asymptotic stabilization of the GTF systems without disturbances with the ISS 
theory for time- varying systems proposed in [21]. Following this pattern we construct a feedback which 
provides the properties of uniform global stability and asymptotic gain w.r.t the disturbances. Then we 
obtain the semi-uniform ISS of the closed-loop system. 
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1 INTRODUCTION 

7— I ■ 
> 

| One of the most popular framework for design in nonlinear control theory is backstepping. Originally, 
\0 ■ m. 

■^j- ■ this approach was proposed for constructing Lyapunov stabilizers p[U2|l2o]: very soon this technique 
was applied to solving adaptive control problems: firstly when the dynamics of a strict-feedback system 
is linear w.r.t. unknown parameters |10 ] I14 ] IT5] , I26]. then these results were extended to the cases of 
nonlinear parametrization [11], unknown control directions [33], backstepping for the systems with time 
^ delays [HE], backstepping for the Volterra systems [18] etc. Let us remark that the classical version of 
this approach is applicable to the so-called strict-feedback form or, more generally, to the triangular form 
in the so-called regular case (the latter being intorduced in 1973 in Hij ). i.e., when the triangular system 
is feedback linearizable. As the exception we can mention works devoted to polynomial extensions of the 
strict-feedback forms [HJGOjIMlEZ] as well as a more general situation [2j[3l] . This leads to the concept of 
the so-called generalized triangular form - [17, 19, 23J (next called GTF). In the latter works the problem 
of global robust controllability and that of global asymptotic stabilization of generalized triangular form 
systems was successively solved. 

On the other hand, in many applications one has to consider systems subject to disturbances. In this 
case the input-to-state stability (ISS) framework introduced in [29] is very fruitful for stability analysis. 
Therefore, having obtained the results on global asymptotic stabilization for the GTF systems |23| . it is 
natural to consider a GTF system with some external disturbances in its dynamics and to ask whether 
it is possible to construct a feedback controller which provides a global input-to-state stability property 



with respect to the disturbances. The goal of the current paper is to extend the result of the work [23] to 
this situation. In our case we will use the notion of uniform ISS developed for the case of time-varying 
systems |21j . A similar problem was considered for systems of the strict-feedback form in [5] (however the 
strict-feedback form systems under consideration were not only with external disturbances but also with 
unknown parameters). Since the GTF is an extension of the TF and strict-feedback forms, we extend 
the results of |5j in the current paper in this sense as well. 

2 PRELIMINARIES 

Throughout the paper, N and Z denote the sets of all natural and integer numbers respectively, (•, •) 
denote the scalar product in R^ (for any N £ N); for icR, mes^4 and A denote the Lebesgue measure 
(if A is measurable) and the closure of A respecitvely. For a vector ^eR^, by |£| we denote its quadratic 
norm, i.e., |£| = (£,£}f . 

A function a of R+ to R+ is said to be of class DSf if it is continuous and non-decreasing, is of class % if it is 
continuous, positive definite and strictly increasing; and is of class %oo if it is of class % and unbounded. 
A function j3 of R+ x R + to R+ is said to be of class %L if for each fixed t > the function /?(-, t) is of 
class JCoo and for each fixed s > 0, we have f3(s,t) — > as t — > +oo and t i— > f3(s,t) is decreasing Given 
any A(-) in by || A(-) || denote its - norm on [0, +oo[. 

Consider the nonlinear system 

x = f(t,x,A) (1) 

with states x £ R n inputs A E R m , where / is continuous w.r.t (t, x, A) and satisfies the local Lipschitz 
condition w.r.t. (x, A), whose solution of the Cauchy problem x(to) = x° with A = A(i) is denoted by 
£o>A(0)- Given any A(-) in by || A(-) || denote its - norm on [0, +oo[. 

The following three defintions and Theorem are borrowed from [2T] 

Definition 1 System ([1]) is input-to-state stable (ISS) iff there are j3 G %L, To € !N and 7 € IK such 
that for each to, each £ and each A(-), we obtain for all t > to 

\x(t,z,t ,A(-))\<p(r (t m,t-to)+j(\\ A(.)|| Zoo[t0)+oo[ ) 

System ([T]) is semi-uniformly input-to-state stable if it is ISS and furthermore there exists T(-) E % such 
that 

\x(t,H,t ,A(-))\ < max{T(|£|),T(|| A(-) ||)} Vt > t (2) 
for all £ G R n , and A(-) in L^. 



Definition 2 We say that system (pQ) satisfies uniform local stability (ULS) property if there are T € %, 
and 5 > such that for all |£| < 5 and all || A(-) ||< 5 we have ([2]). We say that system ([1]) satisfies 
uniform global stability (UGS) property if 5 = +oo, i.e., ([2]) holds for all £ and A(-). 

Definition 3 We say that system ([1]) satisfies the asymptotic gain (AG) property if there is 7(-) 6 % 
such that 

limsup|x(t,e,t O ,A(0)| <7(ll A(-) ||). 

t— S-+00 

Theorem 1 f21f System ([1]) is semi-uniform ISS if and only if it is ULS and AG. 

3 MAIN RESULT 

We consider the following system 



x\ = fi(t,xi,x 2 ) + 5i(t)$ 1 (t,xi) 
X 2 = f2(t,xi,x 2 ,x 3 ) + 8 2 (t)$ 2 (t, xi, x 2 ) 



(3) 



. x n — fn(t, X\, ...,x n ,u) + e) ra (i)<3? n (t, X\ i ■ ■ ■ j x n J 

where u E R 1 is the control, x = [x\, x n } T € R n is the state and 5\(t), 5 2 (t), ...,S n (t) are some external 
disturbances (in general 5i(t) can be vectors of different finite dimensions). We assume that ([3]) satisfies 
the following assumptions: 

Al: / = (/i, f n ) T and <3?j are of class C n+l and T-periodic in time with some T > 0, i.e., f(t + 
T,x,u) = f(t,x,u) and $j(i + T, x) = $j(t, x) for all [t,x,u] in R x R" x R 1 . 

A2: fi(t, xi, Xi, •) : R 1 — > R 1 is a surjection, i.e., fi(t, xi, Xj, R 1 )=R 1 for every [xi,...,Xj] € R 1 x 
... x R 1 , and every t £ [0, T], i = 1, . . . , n. 

A3: there exist x* <E R 1 , 1 < i < n, and u* = x* +1 in R 1 such that g|^-(t, x^, x* +1 ) / for every 
t e [0,T], i = 1, ...,n 5 and such that f(t,x*,u*) = $i(t,x*) = for all t G [0, T], i = 1, . . . , n 

The following example shows that even global asymptotic stabilization of the time-invariant triangular 
systems is not always possible if one wants to use a C 1 - feedback of the form u = u(x). On the other 
hand, as we can see below, if we allow the feedback to be a time- varying, it can reslove the problem (even 
a periodic feeback will suit). That is why we start with the T - periodic systems (of course, our result 
will be applicable to the time-invariant dynamics as a partial case as well). 

Example 1. |19y23j Consider the system 

x x = x \ - (1 - x\)x 2 
x 2 = u 



and suppose there is a feedback u = u{x\,X2j of class C , which globally asymptotically stabilizes ([3D 
into [0,0]. Put: g(x) := (1— x\)x 2 , u(x l7 x 2 )] T , and C := {[xi,x 2 ]gR 2 | x\ + x\ = 1}. Since the 
feedback u = u(x) is continuous on C, and globally stabilizes (j3|), we have ^ for all x G C. Then, 
the map C9x h+ = [0, fJ4] T is well-defined. On the one hand there is a homotopy between the 

\g{x)\ \u[x)\ 

map and C3i4 (— x) G C (see the proof of the famous Brockett theorem [1) given in [28J, p. 184), 
but on the other these maps have different degrees. This contradiction proves that there is no a feedback 
u = u(x) of class C 1 which globally stabilizes (Jl]). 

Our main result is as follows. 

Theorem 2 Assume that system ([3]) satisfies conditions A1-A3. Then, for any \x G N U {+00} system 
([3]) is globally semi-uniformly input-to-state stabilizable into x* by means of a feedback law u(t, x) of 
class CfRxR^R 1 ) such that u(t + T,x) = u(t,x) for all [t,x] G RxR" and u(t,x*) = u* for all t G R, 
where T > is the period mentioned above in Al. 

Let us remark that X{ and u can be vectors in general as in [23] and we assume them to be scalar for the 
simplicity only (for vectors, the argument will be similar) 

4 BACKSTEPPING DESIGN 

Let k be in {0, n— 1}. For each G R fc+1 , each 1^0 G R 1 , and each r > 0, let B r {yo) and Q, r {ojQ) denote 
the open balls 

B r (yo) ■= {y G R fc+1 I \y - 3/0 1 < r}; n r (uj ) ■= G R 1 | \u - u \ < r} 
and B r (yo) and Q r (u;o) be their closures. 
Consider a control system 

z = g(t,z,z k+1 ) + ^2Aj(t)ipj(t,z), tGR (5) 
j=l 

where z^+i G R 1 is the control, z = [zi, Zk] T G R fc , is the state, and 6(t) = [Ai(t), Apf k (t)] is some 
external disturbance. 

Following [23] . we also consider a dynamical extension of ([5]), i.e., the system 

z = g(t, z, Zk+i) + E z ) 
j'=i 

N k N k+l 

Zk+i=9k+i{t, z, z k+1 ,v)+ ^j(t)^Pk+i.j(t,z)+ J2 Aj(t)(p k+1:j (t,z,z k+1 ) 

K 3=1 3=N k +l 

which we rewrite in the following vector form 

y = iP(t,y,v) + A(t)(t)(t,y), t G R, (6) 



where y = [z, Zk+i] T G R fc+1 is the state, v G R 1 is the control, A(t) = [Ai(t), A^ k (t), Ajv fc +i(i), ^-N k+] 
is its external disturbance (with A^ +1 > N^), and ip(t,y,v) and </>(i,y) are given by 



^(t,y,v) 



g(t,y) 

g k+ x(t,y,v) 



and 0(i,z,z fc+1 ) 



</?l ... <^Ar fc ... 

fk+1,1 ••• fk+l,N k <Pk+l,N k +l ■■■ <Pk+l,N k+1 

for all [i, y,v] G R x R fc+1 . x R 1 (7) 

As in [23], if k=0, and system © consists of equations, we define y := z^+i = 2i; ip(t,y,v) := 
9k+i(t,y,v) = gi(t,zi,v) with v G R 1 and we say that ([5]) is empty or trivial and that z\ = <7i(i, £i, £2) 
with states z\ = y and controls z% = v is the extension of the empty system ([S]). 

We assume that ■0 and </> satisfy the following Assumptions: 

Al': Functions ip and cj) are of classes C 2 (R x R fc+2 ;R fc+1 ) and C 2 (R x R fc+1 ;R fc+1 ) respectively and 
there exists T > such that ip(t + T,y,v) = ip(t,y,v) and <p(t + T,y) = 4>(t,y) for all [t,y,v] in 
R x R fc + 2 . 

A2': For every t G R, we have: ^(i,0,0) = 0; and %±I(t,0,0) ^ 0. 
A3': g k+l (t,y,n l ) = R 1 for every [t,y] G [0,T]xR fc+1 . 

Given an initial state zq G R fe , a feedback control u(t, z) of R x R fc to R 1 a disturbance <5(-) and to £ R ; 
let i i-> io, .zo> •)> ^(')) denote the trajectory, of system ([5]) that is defined by this control u) (•, •), by 
this disturbance £(•) and by the initial condition z(to) = Zo- Similarly, for system ([6|), given an initial state 
yo G R fc+1 , a feedback v(t,y) of RxR fe+1 to R 1 , a disturbance A(-) and to^R, let to,yo,v(-, •), A(-)) 
denote the trajectory, of ([6]), that is defined by the control v(-,-), by the disturbance A(-), and by the 
initial condition y(to) = yo- In addition, we presume that the existence and the uniqueness of the solution 
of the corresponding Cauchy problem are ensured in this definition. Of course, if u and v are at least of 
class C 1 , and if the disturbances are of class L^, then it guarantees the existence and the uniqueness of 
the corresponding solution automatically. 

Following [23], for systems ([5]) and ([6]), we consider the following Lyapunov pairs: 

V k (z) := (z,z), V k+ i(y) := (y,y) for all zGR fc ; yGR fe+1 

We reduce Theorem 2 to the following Theorem. 

Theorem 3 Assume that systems ([5]) and © satisfy Assumptions Al'-A3'. Suppose there exist se- 
quences {rjt^cR, {p<j}i=iCR an d {rf ? }|™CR such that < p q < r q+ \ < p q+ \ and < d q < d q+ \ 



for all gGN such that r q — t'+oo, p q — >+oo and d q —>+oo as q— >oo. Assume that there exists a function 

Jk(') € %oo such that d\ < max Vfc(z) and the following conditions hold: 

\z\<pi 

CI: Wjj&(g(t,z,0) + £ A jVj(t,z)) < -V k {z) +7fc(|5|) /or a// 5 G R^, whenever |z| 2 < rf , * G R fc , 

te [0,T]. 

C£: For every zo€R fc , and every to€[0,T] ?/ |-Zo| 2 < r 'o+2 ™^ some 9 € N i/ien 



|z(Mo,^ u ,0, £(•))! ^^--^(Pj+a-^) ^ or aWtG Mo+Zl, 
whenever S '(•) in Loofo^o + F] satisfies j k (\\ 5(-)\\ Loo[khto+T] )<d q . 

Then, for every // G N U {oo}, there exist (?o>0 ((/o^Z) positive real numbers r±, ro, r__ qo , postitve 

real do> d-i> •••> d- qo -i, a sequence of positive real numbers {R q } q *L_ qo _ 1 , a function 7fc+i(-) G 3Coo such 

that 7fc + i(|A|) > 7fc(|(5|) + [A| 2 and a feedback controller «(•,•) of class C M (R x R fc+1 ;R 1 ) such that 

< < r g +i < Rq+i and < d g < for all q > —qo — 1, q G Z and d- qo -i < max Vfc +1 (y) and 

|i/|<R-<n,-i 

such that the following conditions hold: 

(i) v(T+t,y)=v(t,y) for all [t,y] in RxR fc+1 , and v{t, 0)=0gR 1 for all t£~R. 
(ii) For each tGR, each y=[z, Zf e +i] T GB r _ qQ (0), and each A£~R Nk + 1 , we have: 

dVk Qy iy) m, V, v(t, y))+A<j>{t, y ))<-V k+1 (y)+ lk+1 (\ A|) 

(mj For every yg£R fc+1 > every to G R i/ | t/o 1 2 < r2 + 2 ™^ some g > —go — 1> <? G Z i/ien 

| 2 /(t,t ,y°,<,-),A(-))| 2 <i? g 2 +2 -^(^ +2 -^)/or oZZt€[to,to+2l, 

whenever A(-) G Loo[io,io + T] satisfies 7fc+l(|| ^(Olli^fto.to+T]) ^ <V 

(If fc=0, i.e., system ([5]) is empty, we say that Conditions CI, C2 hold by definition, and the Theorem 
states that, for the corresponding extension ([6]), there is a control v(-,-) such that Conditions (i), (ii), 
(iii) hold with 7i(|A|) = |A| 2 ). 

It is easy to prove that Theorem 3 implies Theorem 2. Indeed, assume that system ([3]) satisfies Assump- 
tions A1-A3 and without loss of generality assume that x* = 0, u* = 0. 

For k=0, define y := x\, v := x 2 , ip ■= fi(t,y,v), <j) '■= $i(t,y), A := 5\ and find the feedback ct\{t,y) := 
v(t,y), the Xoo - function 7i(|A[) := |Aj 2 and positive numbers r q (q > —qo) and R q , d q (q > —qo — 1) 
satisfying all the statement of Theorem 3 including (i)-(iii). Without loss of generality, assume that 
qo = 2 (otherwise shift the indexation accordingly). 



Then, for k = 1 redefine: 

z = Zl := Xl , z k+1 = z 2 := x 2 - ai(t,xi), y:=[z 1 ,z 2 ], v := x 3 

g(t,z,z k+1 ) := fi(t,z 1 ,z 2 + ai(t,zi)); 

[Ai,...,Ajv h ] -=Si, [Ajv-,,+1,..., Ajv fe+1 ] :=5 2 , [(pi,...,<PN„](t,z) :=$i(t,z), 

, \ ? , ft \ \ dai(t,z) dai(t,z) , . 

g k+1 {t,z,z k+1 ,v) := f 2 (t,z,z 2 + ai(t,z 1 ),v) — g(t,z,z 2 ), 

ot oz 

r 1/ \ 9 a l{^,z) 

[ip k+ i,i,...,(pk+i,N k \{t,z) : = — ®i{t,z) 

[<Pk+l,N h +l, Vfc+l,JV fc+ i](*) 2, z k+1 ) := <f> 2 (t, Zi, Z 2 + QiO, Zi)) 

Then, for k=l, system ([5]) satisfies Assumptions C1-C2 of Theorem 3 and, applying Theorem 3, we 
obtain the existence of r q , R q , d q , v(t,y), and 72(0 € %oo satisfying the statement of Theorem 3 for k = 1 
(and satisfying (i)-(iii)). Similarly, after n coordinate transformations and n steps of the backstepping 
procedure, we obtain system ([6]) of dimension k + 1 = n and the existence of the corresponding T -periodic 
feedback v(t,y) of R x R n to R, 7 n (-) £ ^oo and the existence of positive numbers r q (q > —qo) and 
R q , d q (q > —qo — 1) satisfying (i)-(iii) and the statement of Theorem 3. Then one proves that the n - 
dimensional closed-loop system 

satisfies the asymptotic gain (AG) property and the global unfiorm stability (UGS) property. 

(AG): Take any {d q }~^°_ qo _ 2 such that < d q < d q+ \ for all q G Z and such that d q — > as q — >• —00. 
From (iii) we obtain: 

7„(|| A(-) ||) <^^limsup|y(t,t ,2/ ,v(-,-),A(-))| 2 < R 2 q , 

f->+00 



whenever q > —qo — 1 (8) 



and from (ii), (iii) we obtain: 



7n(|| A(-) ||) < d q limsup\y(t,t ,y ,v(-,-),A(-))\ 2 < d q <d- qo -x<R 2 _ l5 

t— !-+oo 

whenever q < —qo — 1 (9) 
for all y° 6 R n . Find any 7(-) € 3<^oo such that 

d q < 7n (|A|) < d q+1 7 (|A|) > R 2 q+1 for each g > -q - 2 (10) 

d q < 7n(|A|) < dg+i 7(|A|) > dg +2 for each q < -q Q - 2 (11) 



Then from (J5j)- (|lip we obtain the AG property: 

lim S up|y(Mo,yV(-,-),A(-))| 2 < 7(11 A(-) ||) 

t— y+oo 

whatever y° G R n . 

(UGS): Take any {d q }~^_ qo _ 2 such that < d q < d q+ \ for all q G Z and such that d g — > as q — > —oo. 
Also take {R q }~^°_ qo _ 2 such that < R q < R q +i for all q G Z and i? g — > as g — > — oo and such that 
d q <R 2 for all g G Z (note that for g > —qo — 1 the latter follows from Theorem 3). ^From (iii), we obtain 
that for each q > —qo — 1, if |yo| 2 < r q+2 an d 7n(|| A(-) ||) < d q then 

\y(t,t ,y°,v(-,-),A(-))\ 2 <R 2 q+2 Vt > t - 

Similarly, from (ii) and from the inequalities d q <R 2 <R 2 _ lr2 , which hold true for all q G Z, we obtain that 
for each q < -q - 1, if |y | 2 < r 2 q+2 and 7„(|| A(-) ||) < d q then 

\y(t,t Q ,y°,v(-,-),A(-))\ 2 < R 2 +2 Vt > t . 

Combining these two implications, we obtain the following one: 

V{q,q} C Z (|y | 2 < r 2 +2 ) A ( 7n ([| A(-) ||) < d q ) 

\y(t,t ,y°,v(;-),A(-))\ 2 <m a x{R 2 ,Rl} (12) 

Find any T(-) G IKoo such that 

r q+ i < \y \ < r q+2 T(|y |) > ^ 2 + 2 
< T n([| A(-) ||) < d 9 =>■ T(|| A(-) ||) > R 2 q+2 
for all g G Z. Combining the latter with (|12p . we obtain the UGS: 

|y(t,t ,y°^(-,-),A(-))| 2 <max{T(|y |),T(|| A(-) ||)} 

for all t > t , y° G R n 

Since our transformation of coordinates was triangular, T - periodic, and is a global diffeomorphsm of 
states, we see that the original system (|3|) will also be UGS and AG with this feedback. The proof of 
Theorem 2 is complete, it remains to prove Theorem 3. 

5 PROOF OF THEOREM 3 

Following [23], we prove the existence of numbers rG]0,pi[, d- go _i in ]0,di[, feedback of class 

C°°(Rxi? 2r (0); R 1 ) and function 7fc+i(-) of class Xoo such that 7fc + i(|A|) > 7fc(|(5|) + |A| 2 and d- qo -i < 

max T4_|_i(y) and such that 

\y\<r 

v(t, 0) = 0; u(t + T,y) = u(t, y) for all t G R, y G R fc+1 (13) 



and 

dV k+1 (y) 



(ij}(t, y, v{t, y)) + A0(t, y)) < -V k+1 (y) 



dy 

+ 7 fc+ i(|A|) for all AgR^+S y=[z, z k+1 ]eB 2r (0), tGR (14) 
Indeed, by condition CI of Theorem 3, the derivative of V k +i along the trajectories of (jSJ) is 

dV k (z) , , . . , . , dV k (z) 

3=1 

(g(t, z, z k+ i)-g(t, z, 0))+2z k+1 (g k+1 (t, y, v) 

N k+1 

+ ^3<Pk+l,j(t, Z, Z k+1 ))<-V k (z)+^f k (\d\) 

3=1 

+ zk+i (2gfc+i (t, y, v)+ 9V * ^ J(t,z, z k+ i) 

N k+1 

+ 2 & m+ld (t, z, z k+1 ))<-V k (z) + lk (\S\) + | A| 2 

3=1 

+ z k+1 (2g k+1 (t,y,v) + 9V ^ Z J(t,z,z k+1 ) 

oz 

N k+1 

+ z k+l ^ (fl +ld (t,z,z k+1 )) 

3=1 

for all A G R Nk + 1 , whenever \z\ 2 < r\, z G R fc , t G [0,T], where 

l 

w, s / dg(t,z,6z k+1 ) 

J(t,z,z k+1 ) = / dO 

J oz k+ i 



Then we obtain the existence of rG]0,pi[ and T— periodic feedback v(-,-) in C°°(Rxi?2 r (0); R 1 ) such 
that 

z k+ i(2g k+ i(t,y,v(t,y)) H ^—J(t,z,z k+1 ) + V?l+i,j(*> z > 

< -[z fe+ i[ 2 for all [t,y] G R x 5 2r (0). 

Take any cL ?0 _i in ]0,di[ that satisfiy the inequality d_ go _x<g max Vfc+i(y) and any function 7& + i(-) of 

li/|<»" 

class 3Coo such that 7^ +1 (|A|) > 7fc(|<5|) + |A| 2 . Then (fl~3j) . (fT4"j) are satisfied, and •) satisfies Condition 
(ii) of Theorem 3. 

Let us point out that for k = all these arguments will be simplified (the terms corresponding to z, 
g(t, z, z k+ i) and to their scalar product will be abscent) - similar remark can be made for the next steps. 

Next, we extent our control onto the whole state space to satisfy condition (iii). 

Define 

x := min < - min V k (z), — ( max V k (z)—d\ 
1 6 |z|>r 4 \\z\<pi 



Using the Gronwall-Bellman lemma and Condition C2 of Theorem 3, we find positive numbers R q > 0, 
-Q0 ~ 1 < Q < 3, cr- qo = v-qo+i = ... = a 1 =a 2 =cr 3 = a and d > d_i > . . . > d_ ?0 with d_ 90 > d_ go _i 
(where cL. 90 _i was chosen above) such that first, 

dVk(z) 

Qz (9{t, z,z k+1 ) + 2_^ z )) 
j'=i 

= 2(z, g(t, z, Zk+i) + Aj<fj(t, z)) < — 2x, whenever 

|z[ 2 +|zfc + i[ 2 < i? g and 7fc(|<5|) < d g for all 
y = [z,z fc+1 ] G (B r2 (0)\ J B i? _ <;o _ 1 (0)) n (h^xH^O)) , 

-90-l<9<l, teR (15) 
r q < p q < R q < r q+1 for all q = 1, 2, 3; (16) 
i?_ ?0 < 2r = 2r_ 90 , r_ 90 = r, and < r q < R q < r q+1 

for all - g < Q < 1 (17) 
second, for every zq G R fc , every to G [0, T], every w(-) in C([io, to+T"]; R 1 ), and every <5(-) in L 00 [io,£o+2"'] 

if ♦ JSZF+JuW - 3fT3 ' l^ ' 2 - r 3' alld S (-)\\L oo [t ,t +T]) < d ^ then 

\z(t,t ,z°,oj(-),5(-))\ 2 + \io(t)\ 2 <Rl- t —^(R 2 3 - R\) for all t G [t ,t + T]; (18) 



and 



t-t 



|z(t,t ^°^(.),5(-))| 2 + I^W| 2 < ^+2-^(^+2-^) 

for all t E [t ,t +T]; -q - 1 < q < 0, g£ Z. (19) 



and, third, 



r 2 - i? 2 

- 2x < — 9+2 — 91 for all - g < q < 0, g G Z (20) 

dVfc+ifa) ^ y))+A4>(t, y))=2(y, *P(t, y, u(t, y))+A0(t, y)) < -2x 
dy 

whenever i G [0,T], i?_ 90 _i < |y| < r_ w+ i, y G R fe+1 

and 7fc (|| A(-)\\ Loo[tQA)+T] )<d q (21) 

Then, using Condition C2 of Theorem 3 and the induction over q > —q , q G Z, if i?_ go , i?_ go+ i, 
Ri,...,R q+ i, and cr_ ?0 , o"_ 90+ i, a\,...,a q+ i, are already constructed for some q > 2, we find i? g +2 > 
and a q+ 2 > such that 

r g +2 < Pq+2 < Rq+2 < r q+3 ; < a q+2 < <Tq+l (22) 



and such that for every z G R fe , every i £ [0>^1> every w(-) in C([io, *o+^]j R 1 ) an d every 
Mo+?1 

and 7fc (|| <y(-)llL 00 [t 0) to+n) < d ^ then 

|z(Mo,*V(-),<K-))l 2 +K*)l 2 < R 2 q+ 2 J -^(R 2 q+ 2-R 2 q ) 

for all i G [to,to+T]; q > — go — 1, gGZ. 



Define 



Then 



Define 



s -<?o+i := B r- qo+1 (0) 
and := B rq+1 (0)\B rq (0), q > -q + 1, q G Z; 

P_ 90+ i := S_ 90+ i n (r^xH^O)) and 
:= n (R fc xn CT?+4 (0)) , g>-g +l, g^Z; 
£_ 90+1 := S_ 90+1 n (R fe x (n 2 „(0)\fi ff4 (0))) and 
:= n (R fe x (n 2CT9+2 (0)\^ 9+4 (0))) , 

g > -go + 1, g g Z; 

G_ ?0+1 := ~_ ?0+1 n (R fe x (R 1 \O 2(T3 (0))) ; and 

:= S,+i\ (R k xn 2aq+2 (0)^ , g>-g +l, g € Z; 

<? <? 
(J (£ m UP m ) and H q+1 := [j P i+1 , 
i=— go+l i=— go+1 

g > -go + l, geZ; 
-ff g+ i c Kg+i, g > -g + 1, g G Z. 



■ J r -go °"g+4 
, ( . . ; : nun < — : — : — - — ; nun 



nun 



-qo<i<q+l I 5 



2 2 -q -l<i<q+l 

Ri - n 



r i+ i - Ri 



nun 



-qo<i<q+l I 5 



12? - r? 



mm < 

qo-l<i<q+l I 5 



, g > -g + 1, g G Z; 



m q+1 := max (2\(z,g(t,z,z k+ i)+^2A j ip j (t,z))\ + l) 

[t,z,z k+1 ]e[0,T]xK q+3 j=1 

lk(\S\) < d q+3 



and 

J max{^, 3m ?+ i} if q=-q +l . . 

[ max{ ^ +3 T "- 2 , 3m g+1 } if (?>-g +2, 

Using Assumption A3' and the compactness of [0,T] x (G q+ \ U for every q > —qo + 1, q G Z, one 

gets the existence of Mi(g) G N such that 

V[t,z,Zfc + i]€[0,T]x(G, + iU£; g+ i) B^^GR 1 such that |^, 2 , 2fc+1 |<Mi(g) and 
and (VAGR^ 1 7fc (|A|)<d 9+1 =► s(t, z, z fc+1 )+ ^ A^-fo z)) 

+(zk+i,9k+i(t, z, z k+l ,v t , z , Zk+1 )+ &j<Pk+i,j(t, z, z k+l ))<-2D q+1 ) 

3=1 

N k+1 3cr 2 

and (z k+1 ,g k+1 (t,z,z k+ i,v t , z , Zk+1 )+^2 Ajip k+ljj (t,z)) < — — (32) 

3=1 

In addition, using Assumption A3' and the compactness of [0, T] x P q +i, for every q > —qo + 1, q G Z, 
we obtain the existence of M2(q) G N such that 

V[t,z,z k+1 ]e[0,T]xP q+1 Bwt, g , Xk+1 €B} such that |uv,z fc+1 | < M 2 (q) 

and | <J2r fc+ i ,9k+i(t,z,z k+1 , w t ^ Zk+1 ))\ =0 (33) 
For each q > —qo + 1, q G Z, define 

M(<?) := max{Mi(g),M 2 (g), max |v(t,y)|} 

0<t<T 

|y|<2r- 90 

17, := {n G R 1 | |u| < M(q)}, q > -q + 1, q G Z, (34) 
Without loss of generality, we assume that 

M(g) < M(g+1), i.e., U q C U q+1 

for all g > -g + 1, ?GZ. (35) 
Using the compactness of all U q , B rq (0), take any sequence {L q }^L_ qo+l C R such that 

< L q+1 <L q , q> -q + 1, qeZ, (36) 

2L q {\^(t,y,u)\+\A\\<f>{t,y)\+l)<l for all te[0,T], 
whenever y G B rq+a (0), u G U q+3 , 7fc+i(|A|) < d q+3 , AGR Wfc+1 , 

q > ~q + 1, «£Z. (37) 



For every L > 0, by Sl denote the system of all the sets given by 

re(.),tf(.),Ae,A« := {[s,y] E R x R fc+1 | tf(y) < a < 

0(2/)} \ ({M E R x R fc+1 | (a=0(j/)) A (yE,4©)}U 
{[ S ,y] E R x R fc+1 | (s = <%)) A (y E A?)}) , 
where 0(-) and ■#(•) range over the set of all the functions from class C(R fc+1 ; [0, T]) such that 

|e(yi)-9(y 2 )|<L|y 1 -y 2 | and |i?(yi)-^(y 2 )|<L| yi -y 2 | 

for all yi E R fc+1 , y 2 E R fc+1 , (38) 

and such that A@ C R fe+1 , A$ C R fc+1 range over the set of all subsets of R fe+1 . It is straightforward 
that for each L > 0, Sl is a semi-ring of sets, i.e., first, E Sl! second, r' n T" E Sl for each T' E Sl, 

and each T" E Sl; third, for each T E Sl> and each Ti E 9l, if Ti C T, then there is a finite sequence 

I - 1 
{Ti} i=2 C Sl such that T = (J Tj and n = 0, whenever i ^ j, {i,j} C {1,2, ...,/}. 

i=i 

Given [i, y]=[i, z, z k+1 ]e[0, T]x (R k+1 \B r _ qo+1 (0)) , let q > -q + 1, q E Z be such that y E E g+ i. By the 
construction (see (|2"4"|) -([2"7 |) ). we obtain 

E q+1 C U E q+1 U for all q > -q + 1, q E Z (39) 

Then, the following situations are possible. 

1) y E U £q+i). Then, by ([32]) and ([Ml), there exist v tiZiZh+1 E f7 g and a set T t>ZtZk+1 E Sl 9+2 such 

that T M>2fc+1 C [0,T] x R fc+1 , [t,z,z k +i] E T M)2fc+1 , and T ii2i2fe+1 is open in [0,T] x R fc+1 with respect to 
its standard topology and such that 

\y'-y"\<e q+1 for all [f ,y']eT t , z , Zk+1 , [f \y")eT t , z , Zk+1 (40) 



and 



(z',g(t', z', 4+i)+ Yl A i^i(*'' z 0) + (4+l>3fe+i(*', z', 4+l^M^+i) 
i=i 

+ X] A i^+i,j( t/ ' z ''4+i)) < -2Aj+l and 
i=i 

(4+i,S f fc+i(0',4+i^MA+i)+ X] A i^+i,i( t '' 2: ''4+i)) < — 

for all [t',z',4+i] E T t>z>Zk+1 , whenever 7 Jfc+1 (|A|) < d q+1 . (41) 



2) y G Pq+i- Then, by ((331), USD, tnere exist w t,z,z k +i G C/ ? and a set S tyZ ^ k+1 G Sl 9+2 suc h tnat 
5 M ,, fc+1 C [0,T] x R fe +\ [t,z,z k+1 ] G 5t, 2,2fc+i) and St yZyZk+1 is open in [0,T] x R fc+1 with respect to its 
standard topology and such that 

\y'-y"\<e q+l for all [f', y']£St lZ ,z k+1 , [t", y")eS tjZjZk+1 (42) 

(If y G n S 9+2 , i.e., |y| = r g+ i, then we choose T t>z>Zk+l (or S t , Z;Zh+1 ) and Ut,«,« fc+1 (respectively 

^, 2 , 2fc+1 ) which correspond to the E q+2 . Then, by ((22]), by ([29]), and by (J35D , ((3BJ, inequalities ((30>(|4"2j) 
will hold for q, if they hold for (q + 1) instead of q). 

All [0,T] x (Gg+iU^+i) and all [0,T] x are compact in [0,T] x R fc+1 , therefore by (I24l)-(l28l). 

and by ((4T)]) - (j4"2"]) . there exist sequences of sets {T t z \ j^Lx, and {Sf % z v }^ =1 , (along with the 
corresponding sequences {v tx Zx z \ }^ =1 , and {w^ -v }^Li) and there exist sequences of nonnegative 
integer numbers {X q }g^_ qo+1 , and {r) q } q ^_ qo+1 such that 

= ^-qo+i < < X q+ i, = 77_ ?0+ i < ?? 9 < 

for all g > -g + 2, g G Z; (43) 

and 

Xq+l 

[0,T]x(E q+1 UG q+1 )c (J T tAi ^ +i , [0,T]xP, +1 c 

A=A 9 +1 

%+i 

U for a11 «>-9o+l, 9£Z; (44) 

and such that 

([o,r]x(E ?+1 uG' g+1 ))nr^ ) , A ^ +i ^0, a,+i<a<a ?+1 

([0,T]xP ?+1 ) n + 0, T/,+1 < 77 < r) q+r , (45) 

and 

^A,^ G S ^ fOT ^ \ + 1 < A < Vl 

for all g > -q + 1, g£Z (46) 

Define 

T A := r t AjZAlZ A +i , S n := U A == v t x ,z x ,z£ +1 , 

™v ■= w t v ,z v ,% +1 forallAGN, J]€N. (47) 

Since Sl 9 are semirings of sets and C Sl^j we use ([29]) . (TIP]) . (|42|) . ((36]) and Lemma 2 from 

|13j . p. 40, and the induction over q > —qo + 1, q G Z, and obtain the existence of non-empty sets 
{ r i}£i = {reKOAGMe,,^}^! and a strictly increasing sequence {^}^l go C Z (with £_ ?0+ i = Z_ 9o = 
and with > Z 9 for all q > — go + 1) such that 



(a) G g Lg+1 , and \y' - y"\ < 5 q+l for all [t',y'] G r,, [t",y"] G r,, whenever l q +l < I < l q+1 , 
q > -go + 1 

(b) IV n Ti» = 0, whenever I' ^ I" 

lq + 1 ( Ag+1 \ / T] q + 1 \ 

(c) U ^ = u t x u U s v ) 

1=1 \A=1 J \ V =l J 

(d) For each A G N, and each n G N, there exist (and unique due to (b)) finite sets of natural indices 

C(A), D(r]), such that T\ = |J T[, S v = (J T;, and the inequalities X q +1 < A < A g+ i, 

ZeC(A) ' ;e-D(r?) 

ffa+l < r] < r] q+ i (with > -q + 1, g G Z) imply respectively: C(X)c{l q -i + 1, Z g _i + 2, 
and Z)(??)c{^_i + 1, l q -\ + 2, l q+1 } 

From properties (b)-(d) and from 1^, (@U]), (g2]), flU]), we obtain 

N = (Q c ( A ))ufu^)j ( 48 ) 

Now we define the feedback v(-, •), which satisfies conditions (i), (ii) and (iii) of Theorem 3, as follows 
Definition 4 Take any I G N, and let q > —qo + 1, gGZ be such that l q + 1 < I < l q +i- Then, by (c) 

(-Vj + l \ / ^9+1 \ A 9 + l 

U C{\) U U D{rj) ) . If I G U C(X) then by the construction (see (b)-(d)) 
a=i J \v=i J A=l 
there exists X(l) G N such that X q +l < X(l) < A g+ i and such that Ti C T^n\, and in this case we define 

Xi ■= v X (i) 

Aq + l T] q+ 1 

If I (£ |J C(A), then by g^j, I G |J D(rj), and, by (b)-(d) there exists r/(Z) G N such that r] q +l < r)(l) < 

A=l r?=l 

rjq+i and such that T[ C S^a, and in this case we define 

Xl ■= w v (iy 

Using the induction over q > —qo + 1, q G Z, take a sequence {hi}^ =1 c]0, +oo[ of positive and small 
enough numbers. 

For every ZgN, define Tj, and as follows 

^ := {[s,y] G R x R fc+1 | + | < s < Q^y) - |} 

V{ := {[s, y] G R x R fc+1 | + fc, < s < 6,(y) - M, 

/ G N (49) 
(In general, some T^, and r" are allowed to be empty). 



Let pi{; •), I G N, be functions of class C°°(R x R fe+1 ; [0, 1]) such that 

< pi(t, y) < 1 for all [t, y] G R x K k+1 (50) 

Pi(t,y) = 0, whenever [t,y] £ T[ (51) 
pi(t,y) = l, whenever [t,y] G T" (52) 
Let p(-) be any function of class C°°(R fc+1 ; [0, 1]) such that 

p(y) = l, whenever y G B r _ qQ+1 (0) (53) 

and 

= 0, whenever y € R fc+1 \S r (0) 

with some r G]r_ ?0+ i, 2r[ (54) 

Define the feedback •) of class C^([0,T] x R^jR 1 ) as follows 

OO OO 

: = s ^pi{ t iv)xi +p(y)(i - ^pi{t,y))v{t,y) 
i=i i=i 

for all [t, y] € [0, T] x R fc+1 (55) 
and extend it smoothly and T— periodically onto R x R fc+1 

Using (|5"T1) . (b), and the inclusion T'( C C T[, I G N, we obtain that, if 7z(t, y) / for some Z G N 
and some [t,y] G [0, T] x R fe+1 , then ji>(t,y) = for all I' / /; therefore v(-, ■) given by ([55]) is well- 
defined. Furthermore, by the construction, v(-, •) can be T— periodically smoothly extended onto the 
whole R x R fc+1 . (Indeed, by (JBTj) . for each y G R fc+1 , is h > such that ji(t, y') = 0, / G N, and therefore 
v(t,y') = y(y')(3(t,y') for all t G [0, h] U [T — h,T] and all y' in some small neighborhood of y. Then the 
T - periodic extension of u(-, •) given by (f55j) is of class C°°. 

Arguing as in [23], Step 5 it is possible to prove that {/i/}^ C]0, +oo[ can be chosen so small that this 
feedback extended T -periodically onto the whole R x R fc+1 is well-defined belongs to and solves the 
problem, i.e. globally asymptotically stabilizes system ([6]). This completes the proof of Theorem 2 and 
Theorem 3. 
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